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First definitions

• A measure on Rd is (isotropic) unimodal if it has a finite radially
nonincreasing density function on Rd \ {0}.

• A convolution semigroup of probability measures {pt , t > 0} is called
(isotropic) unimodal if pt(dx) = pt(|x |)dx are unimodal.

• By [Watanabe 1983] such semigroup has unimodal Lévy measure ν:∫
Rd

e i〈ξ,x〉pt(x)dx = e−tψ(ξ), ξ ∈ Rd ,

where (the Lévy-Khintchine exponent is)

ψ(ξ) =

∫
Rd

(1− cos 〈ξ, x〉) ν(|x |)dx + a|ξ|2.

• Consider a = 0 and Lϕ(x) = PV
∫
Rd (ϕ(x + y)− ϕ(x))ν(y)dy .
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Examples

• Fractional Laplacian: L = −(−∆)α/2: ν(x) = c|x |−d−α, ψ(ξ) = |ξ|α.

• Truncated fractional Laplacian: ν(r) = c r−d−α10<r<1.
• Subordinated Gaussian semigroups: ν(x) =

∫∞
0 gs(x)µ(ds),

ψ(ξ) = φ(|x |2). Here g is the Gauss-Weierstrass kernel, and

ϕ(λ) =

∫ ∞
0

(1− e−λs)µ(ds), λ ≥ 0.

Note the convolution semigroup {γt} on [0,∞) such that∫∞
0 e−λsγt(s)ds = e−tϕ(λ) and

pt(x) =

∫ ∞
0

gs(x)γt(s)ds, x ∈ Rd , t > 0.

• We will assume pt(0) = (2π)−d/2
∫
Rd e

−tψ(ξ)dξ <∞.
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The Lévy process

Let Ω be the class of càdlàg functions (trajectories) X : [0,∞)→ Rd .

For x ∈ Rd define (by Kolmogorov) probability Px on Ω via

Px(Xt1 ∈ B1, . . . ,Xtn ∈ Bn)=

∫
B1

pt1(x1−x) · · ·
∫
Bn

ptn−tn−1(xn−xn−1) dxn · · · dx1.

Expectation: Ex :=
∫

Ω dPx .

Let D ⊂ Rd be open, τD := inf{t > 0 : Xt /∈ D} (exit/ruin time),

PD
t f (x) := Ex [t < τD ; f (Xt)] =

∫
Rd

f (y)pDt (x , y)dy ,

GD(x , y) :=

∫ ∞
0

pDt (x , y)dt.
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Dirichlet heat kernel for D by Hunt’s formula

pDt (x , y) := pt(y − x)− Ex [τD ≤ t; pt−τD (y − XτD )]

E.g., probability for X to survive time t is Px(τD > t) =
∫
pDt (x , y)dy .
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Simulated trajectory t 7→ Xt , for α = 1.8, d = 2

killed process

Figure: B(0, 1)=unit disc on the plane, α = 1.8.
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Ikeda-Watanabe formula

If x ∈ D, then the Px joint density function of (τD ,XτD−,XτD ) is:

(0,∞)× D ×
(
D
)c 3 (s, u, z) 7→ pDs (x , u)ν(z − u).

Marginals are interesting, too. For instance:

Px(XτD ∈ A) =

∫
D
GD(x , u)ν(A− u)du if dist(A,D) > 0.
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Some history of sharp heat kernel estimates

Below f ≈ g means that c−1g(x) ≤ f (x) ≤ cg(x) for all x .

Goal: Estimate p and pD .

• Zhang (2002) - smooth domains, ∆ (kind-of-sharp...)
• Chen, Kim, Song (2010), bounded smooth domains, ∆α/2

• Bogdan, Grzywny, Ryznar (2010), Lipschitz domains, ∆α/2

• Chen, Kim, Song (2012-2014) - smooth domains, subclasses of sGs
• 3 presented papers on unimodal with scaling
• Cygan, Grzywny, Trojan (2015) - asymptotics
• Grzywny, Ryznar, Trojan (2016) - slowly varying unimodal
• Kulczycki, Ryznar (2016, 2018) - gradient estimates
• Ma lecki, Serafin (2016) - heat kernel of the ball for ∆ (sharp)
• Grzywny, Leżaj (2018) - subordinators
• Grzywny, Szczypkowski, Bogdan, Sztonyk, Knopova, Kim, Chen,
Kulik... - nonconstant coefficients, nonsymmetric...
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• Grzywny, Leżaj (2018) - subordinators
• Grzywny, Szczypkowski, Bogdan, Sztonyk, Knopova, Kim, Chen,
Kulik... - nonconstant coefficients, nonsymmetric...

9 / 27



Some history of sharp heat kernel estimates

Below f ≈ g means that c−1g(x) ≤ f (x) ≤ cg(x) for all x .

Goal: Estimate p and pD .

• Zhang (2002) - smooth domains, ∆ (kind-of-sharp...)

• Chen, Kim, Song (2010), bounded smooth domains, ∆α/2

• Bogdan, Grzywny, Ryznar (2010), Lipschitz domains, ∆α/2

• Chen, Kim, Song (2012-2014) - smooth domains, subclasses of sGs
• 3 presented papers on unimodal with scaling
• Cygan, Grzywny, Trojan (2015) - asymptotics
• Grzywny, Ryznar, Trojan (2016) - slowly varying unimodal
• Kulczycki, Ryznar (2016, 2018) - gradient estimates
• Ma lecki, Serafin (2016) - heat kernel of the ball for ∆ (sharp)
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• Grzywny, Leżaj (2018) - subordinators
• Grzywny, Szczypkowski, Bogdan, Sztonyk, Knopova, Kim, Chen,
Kulik... - nonconstant coefficients, nonsymmetric...

9 / 27



Some history of sharp heat kernel estimates

Below f ≈ g means that c−1g(x) ≤ f (x) ≤ cg(x) for all x .

Goal: Estimate p and pD .

• Zhang (2002) - smooth domains, ∆ (kind-of-sharp...)
• Chen, Kim, Song (2010), bounded smooth domains, ∆α/2
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(subcritical) Scaling conditions

Let ψ∗(u) = sup0≤r≤u ψ(r).

We have ψ(u) ≤ ψ∗(u) ≤ π2 ψ(u), u ≥ 0.

Thus ψ ≈ ψ∗, and we call ψ almost increasing.

Definition: ψ ∈LS(α, θ) if (θ,∞) 3 u 7→ ψ(u)/uα almost increases.

Definition: ψ ∈US(α, θ) if (θ,∞) 3 u 7→ ψ(u)/uα almost decreases.

We always assume here that 0 < α ≤ α < 2 (subcritical).

Scaling conditions are called global if θ = 0 or θ = 0.

Example: relativistic α-stable process, 0 < α < 2:

ψ(ξ) = (|ξ|2 + 1)α/2 − 1 ≈ |ξ|2 ∧ |ξ|α has LS(α, 0), US(α, 1).

Example: ψ(ξ) = |ξ|β + |ξ|α ≈ |ξ|β ∨ |ξ|α, where 0 < β < α < 2.
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“Common bounds” for isotropic semigroups with scalings

Theorem (Bogdan, Grzywny, Ryznar (2014))

If (subcritical) LS and US hold, then locally (or globally) in space and time,

pt(x) ≈ ψ−1(1/t)d ∧ tψ(1/|x |)
|x |d

≈ pt(0) ∧ tν(x).

Also: ν(x) ≈ ψ(1/|x |)|x |−d , locally or globally, respectively.

Example: Xt = X
(α)
t + X

(β)
t , 0 < β < α < 2 (Chen, Kumagai 2008);

pt(x) ≈ min
{
t−d/α ∧ t−d/β, t

(
1

|x |d+α
+

1
|x |d+β

)}
, t > 0, x ∈ Rd .

11 / 27



“Common bounds” for isotropic semigroups with scalings

Theorem (Bogdan, Grzywny, Ryznar (2014))

If (subcritical) LS and US hold, then locally (or globally) in space and time,

pt(x) ≈ ψ−1(1/t)d ∧ tψ(1/|x |)
|x |d

≈ pt(0) ∧ tν(x).

Also: ν(x) ≈ ψ(1/|x |)|x |−d , locally or globally, respectively.

Example: Xt = X
(α)
t + X

(β)
t , 0 < β < α < 2 (Chen, Kumagai 2008);

pt(x) ≈ min
{
t−d/α ∧ t−d/β, t

(
1

|x |d+α
+

1
|x |d+β

)}
, t > 0, x ∈ Rd .

11 / 27



“Common bounds” for isotropic semigroups with scalings

Theorem (Bogdan, Grzywny, Ryznar (2014))

If (subcritical) LS and US hold, then locally (or globally) in space and time,

pt(x) ≈ ψ−1(1/t)d ∧ tψ(1/|x |)
|x |d

≈ pt(0) ∧ tν(x).

Also: ν(x) ≈ ψ(1/|x |)|x |−d , locally or globally, respectively.

Example: Xt = X
(α)
t + X

(β)
t , 0 < β < α < 2 (Chen, Kumagai 2008);

pt(x) ≈ min
{
t−d/α ∧ t−d/β, t

(
1

|x |d+α
+

1
|x |d+β

)}
, t > 0, x ∈ Rd .

11 / 27



Theorem (Bogdan, Grzywny, Ryznar (2014))

For unimodal probability convolution semigroup {pt} on Rd , with
Lévy-Khintchine exponent ψ and Lévy measure density ν, TFAE:

(i) subcritical LS and US [variant: global LS and US] hold for ψ.

(ii) For some r0 ∈ (0,∞) [variant: r0 =∞],

pt(x) ≥ c
tψ(1/|x |)
|x |d

, 0 < |x | < r0, 0 < tψ(1/|x |) < 1.

(iii) For some r0 ∈ (0,∞) [variant: r0 =∞],

ν(x) ≥ c
ψ(1/|x |)
|x |d

, 0 < |x | < r0.

Observe T. Grzywny [2016-] and A. Mimica [2018] for critical scalings...
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The Dirichlet heat kernel

pDt (x , y)
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The renewal function V

We consider the ascending ladder-height process of the one-dimensional
projections of X ,

i.e., ηt := X (1)(L−1
t ), and

V (x) := E0

∫ ∞
0

1[0,x](ηt)dt, x ≥ 0.

Silverstein studied V and V ′ in 1980.

E.g., if ψ(ξ) = |ξ|α, α ∈ (0, 2), then V (x) = x
α/2
+ , V ′(x) = α

2 x
α/2−1
+ .

[Pruitt 1981, Schilling 1998, Grzywny, Ryznar 2012]: V (u) ≈ 1/
√
ψ(1/u).

Corollary: If ψ ∈ LS(α, 0) ∩ US(α, 0) (global subcritical scalings), then

pt(x) ≈ V−1(
√
t)−d ∧ t

V 2(|x |)|x |d
, t > 0, x ∈ Rd .
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In proofs we often use the Pruitt’s function

h(r) =

∫
Rd

min{|z |2/r2, 1}ν(|z |)dz , r > 0,

and we have
h(1/u) ≈ ψ(u) ≈ 1

V 2(1/u)
.

Lemma

If r > 0 and x ∈ Br/2, then Px (|XτD | ≥ r) ≤ 24 h(r)ExτD .

This follows by Dynkin’s formula:

Exg(XτD ) = g(x) + Ex

∫ τD

0
Lg(Xs)ds, x ∈ Rd .

We let g(x) = φ(|x |/r), with φ : [0,∞) 7→ [0, 1] such that ψ(u) = 0 for
0 ≤ u ≤ 1/2, φ(u) = 1 for u ≥ 1, and

4 sup
u≥0
|φ′(u)|+ 1

2
sup
u≥0
|φ′′(u)| = 24.
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Dynkin approximate operator (orientation: Aε → A ⊃ L)

Let Aεg(x) = Ex [g(XτB(x,ε)
)− g(x)]/ExτB(x ,ε), where ε > 0.

We assume a certain Harnack-type condition (H) on V ′.

Theorem

Let x0 ∈ Rd , r > 0 and g(x) = V (δB(x0,r)(x)). Then,

0 ≤lim supε→0
[
−Aεg(x)

]
≤ C

V (r)
if 0 <δB(x0,r)(x) < r/4.
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Applications of superharmonic functions (barriers)

Corollary

If (H) holds, then sr (x) := ExτBr ≈ V (δBr (x))V (r), x ∈ Rd .

Note Asr = −1 on Br .

We similarly construct and utilize subharmonic functions for complement of
the ball...

Lipschitz domains require different tools...
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Bounded domains: some spectral theory

If D is an open bounded set and pt(0) is bounded for every t > 0, then the
integral operators on L2(D) with kernels pDt (x , y) ≤ pt(0) are compact.

The eigenvalues 0 < λ1 < λ2 ≤ . . . and the orthonormal basis of
eigenfunctions φ1 ≥ 0, φ2, φ3 . . . satisfy

φk(x) = eλk t
∫

pDt (x , z)φk(z)dz .
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Bounded smooth D

Theorem

If ψ has LS and US and D ⊂ Rd is a bounded C 1,1 open set, then

pDt (x , y) ≈ Px(τD > t/2) pt∧t0(x − y) Py (τD > t/2),

for all t > 0, x , y ∈ D, and we have

Px(τD > t) ≈ e−λ1t

(
V (δD(x))√

t ∧ t0
∧ 1
)
,

where t0 = V 2(r0), and r0 > 0 is sufficiently small.
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Exterior domains

Theorem (Bogdan, Grzywny, Ryznar (2014))

Let ψ ∈ LS(α, 0) ∩ US(α, 0) and d > α. Let D be a C 1,1 at scale r and
Dc ⊂ BR . For all x , y ∈ Rd and t > 0 we have

pDt (x , y) ≈ Px(τD > t) pt(x − y) Py (τD > t),

and
Px(τD > t) ≈ V (δD(x))√

t ∧ V (r)
∧ 1

with comparability constants C = C (d , ψ,R/r).
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Exterior domains: examples

Example: Let ψ(ξ) = |ξ|α, α ∈ (0, 2), and D = B(0, 1)
c
. Then,

pDt (x , y) ≈ Px(τD > t) pt(x − y) Py (τD > t),

for all x , y ∈ Rd and t > 0,

and

Px(τD > t) ≈



1 ∧ δ
α/2
D (x)

1∧t1/2 , if α < d ,

1 ∧ log(1+δ
1/2
D (x))

log(1+t1/2)
, if α = d = 1,

δα−1
D (x)∧δα/2D (x)

(t1/α∨δD(x))α−1 ∧ (t1/α ∨ δD(x))α/2, if α > d = 1.
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Halfspace-like domains

Let ψ satisfy global LS and US, Ha := {(x1, . . . , xd) : xd > a}.

Theorem (Bogdan, Grzywny, Ryznar (2014))

Let D be C 1,1 at scale R and Ha ⊂ D ⊂ Hb. For all x , y ∈ Rd and t > 0,

pDt (x , y) ≈ Px(τD > t) pt(x − y) Py (τD > t),

where Px(τD > t) ≈ V (δD(x))√
t

∧ 1.
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Examples of semigroups/generators/processes covered:

• Isotropic stable processes
• Relativistic stable processes
• Sums of independent isotropic stable processes

• See [R. Schilling, R. Song and Z. Vondraček. 2012] for much more
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Two samples for flavor to take out:

Lemma

pDt (x , y) ≤ Px(τD > t/4) pt/2(0) Px(τD > t/4).

Proof. By the semigroup property

pDt (x , y) =

∫ ∫
pDt/4(x , z)pDt/2(z ,w)pDt/4(w , y)dzdw

≤ pt/2(0)

∫
pDt/4(x , z)dz

∫
pDt/4(w , y)dw .

Proposition (Bogdan, Grzywny, Ryznar (ruin probability))

For every symmetric Lévy process in R which is not compound Poisson,

Px(τ(0,∞) ≥ t) ≈ 1 ∧ V (x)√
t
, t > 0, x ∈ R.
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On upper bound of the Dirichlet kernel

Lemma

Consider open D1,D3 ⊂ D such that dist(D1,D3) > 0. Let
D2 = D \ (D1 ∪ D3). If x ∈ D1, y ∈ D3 and t > 0, then

pDt (x , y) ≤ Px(XτD1
∈ D2) sup

s<t, z∈D2

p(s, z , y)

+ (t ∧ ExτD1) sup
u∈D1, z∈D3

ν(z − u) .
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On lower bound of the Dirichlet kernel

Lemma

Consider open D1,D3 ⊂ D such that dist(D1,D3) > 0. Let
D2 = D \ (D1 ∪ D3). If x ∈ D1, y ∈ D3 and t > 0, then

pDt (x , y) ≥ tPx(τD1 > t)Py (τD3 > t) inf
u∈D1, z∈D3

ν(z − u) .
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