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The de Sitter space S, ”

Let Rg+p+1 be the (n+ p+ 1)-dimensional semi-Euclidean space of index p with metric
tensor (,) given by

n+1 n+p+1
(v,w) = E Viwi — E vjwj,
i=1 Jj=n+2

for all v,w € Rzﬂ’“.
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The de Sitter space S, ”

Let Rg+p+1 be the (n+ p+ 1)-dimensional semi-Euclidean space of index p with metric
tensor (,) given by

n+1 n+p+1
(v,w) = E Viwi — E vjwj,
i=1 Jj=n+2

for all v,w € Rzﬂ’“.

de Sitter space

The de Sitter space of index p is the hyperquadric of Rg+p+1 defined as the set of unit
vectors of semi-Euclidean space

SptP = {x e RAPPTL; (x,x) =1} .
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The de Sitter space S, ”

Let Rg+p+1 be the (n+ p+ 1)-dimensional semi-Euclidean space of index p with metric
tensor (,) given by

n+1 n+p+1
(v,w) = E Viwi — E vjwj,
i=1 Jj=n+2

for all v,w € Rzﬂ’“.

de Sitter space

The de Sitter space of index p is the hyperquadric of Rg+p+1 defined as the set of unit
vectors of semi-Euclidean space

SptP = {x e RAPPTL; (x,x) =1} .

° Sgﬂ’ is a complete semi-Euclidean manifold with constant sectional curvature
one.
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Spacelike submanifolds in Sp™

Let us consider M" a spacelike submanifold isometrically immersed in de Sitter space
Sngp of index p.
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Spacelike submanifolds in Sp™

Let us consider M" a spacelike submanifold isometrically immersed in de Sitter space
Sngp of index p.

We recall that a submanifold immersed into an indefinite ambient space is said to be
spacelike if its induced metric is positive definite.
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Spacelike submanifolds in Sp™

Let us consider M" a spacelike submanifold isometrically immersed in de Sitter space

Sngp of index p.

We recall that a submanifold immersed into an indefinite ambient space is said to be
spacelike if its induced metric is positive definite.

From now on, assuming all the structure equations.
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Spacelike submanifolds in Sp™

Let us consider M" a spacelike submanifold isometrically immersed in de Sitter space
Sngp of index p.

We recall that a submanifold immersed into an indefinite ambient space is said to be
spacelike if its induced metric is positive definite.

From now on, assuming all the structure equations.

For local semi-Riemannian orthonormal frame {e1, ..., enp} of SZH’ adapted to M"
we define the second fundamental form A of M" and the square of the its norm by

A= hiwi®uwjea and [AP = (hF)?
a,i,j a,iyj

the mean curvature vector h and the mean curvature function H of M" by
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Spacelike submanifolds in Sp™

Let us consider M" a spacelike submanifold isometrically immersed in de Sitter space
Sngp of index p.

We recall that a submanifold immersed into an indefinite ambient space is said to be
spacelike if its induced metric is positive definite.

From now on, assuming all the structure equations.

For local semi-Riemannian orthonormal frame {e1, ..., enp} of SZH’ adapted to M"
we define the second fundamental form A of M" and the square of the its norm by

A= hjwi®uwjea and [AP = (h3)?

Y] Q)

the mean curvature vector h and the mean curvature function H of M" by

5 (sn).

1
h—nz<2h§,¥>ea and H=|h| =
«@ i

forn+1<a<n+p.
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Spacelike submanifolds in Sp™

In what follows, we will consider H > 0.
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Spacelike submanifolds in Sp™

In what follows, we will consider H > 0.

So, we can choose a local orthonormal frame {e1, ..., entp} such that e, 1 = %
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Spacelike submanifolds in Sp™

In what follows, we will consider H > 0.
So, we can choose a local orthonormal frame {e1, ..., entp} such that e, 1 = %
Thus, after that choice

1 1
(1) H™ = Ztr(h"™) = H and H* = Ztr(h®) =0, a>n+2,
n n

where h® = (h$) denotes the second fundamental form of M” in direction e, for every
n+l1<a<n+np.
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Spacelike submanifolds in Sp™

In what follows, we will consider H > 0.

So, we can choose a local orthonormal frame {e1, ..., entp} such that e, 1 = %

Thus, after that choice
1 1

(1) H™ = Ztr(h"™) = H and H* = Ztr(h®) =0, a>n+2,
n n

where h® = (h$) denotes the second fundamental form of M” in direction e, for every
n+l1<a<n+np.

Associated by second fundamental form of M", we consider the traceless second fun-

damental form is given by
d=A—-H"I.
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Spacelike submanifolds in Sp™

In what follows, we will consider H > 0.

So, we can choose a local orthonormal frame {e1, ..., entp} such that e, 1 = %

Thus, after that choice
1 1

(1) H™ = Ztr(h"™) = H and H* = Ztr(h®) =0, a>n+2,
n n

where h® = (h$) denotes the second fundamental form of M” in direction e, for every
n+l1<a<n+np.

Associated by second fundamental form of M", we consider the traceless second fun-
damental form is given by
& =A— HYI.

From Gauss equation we get the following relation
(2) |62 = |A]2 = nH? = n(n— 1)H?> + n(n— 1)(R —1) > 0,

with equality if and only if M" is totally umbilical.
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Spacelike pnmc submanifolds in S,

We recall that a submanifold has parallel normalized mean curvature vector field (in
short pnmc submanifold) if h/H is parallel as a section of the normal bundle.
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Spacelike pnmc submanifolds in S,

We recall that a submanifold has parallel normalized mean curvature vector field (in
short pnmc submanifold) if h/H is parallel as a section of the normal bundle.

Some remarks about pnmc submanifolds

o Submanifolds with nonzero parallel mean curvature vector field also have parallel
normalized mean curvature vector field.
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Spacelike pnmc submanifolds in S,

We recall that a submanifold has parallel normalized mean curvature vector field (in
short pnmc submanifold) if h/H is parallel as a section of the normal bundle.

Some remarks about pnmc submanifolds

o Submanifolds with nonzero parallel mean curvature vector field also have parallel
normalized mean curvature vector field.

@ The condition of having parallel normalized mean curvature vector field is much
weaker than the condition of having parallel mean curvature vector field.
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Spacelike pnmc submanifolds in S,

We recall that a submanifold has parallel normalized mean curvature vector field (in
short pnmc submanifold) if h/H is parallel as a section of the normal bundle.

Some remarks about pnmc submanifolds

o Submanifolds with nonzero parallel mean curvature vector field also have parallel
normalized mean curvature vector field.

@ The condition of having parallel normalized mean curvature vector field is much
weaker than the condition of having parallel mean curvature vector field.

o Every hypersurface with nonzero mean curvature in a semi-Riemannian manifold
always has parallel normalized mean curvature vector field.
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The Main Result.
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Main Result

Let M" be a complete spacelike pnmc submanifold immersed in Sg“’ with constant
scalar curvature 0 < R < 1. Then
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Main Result

Let M" be a complete spacelike pnmc submanifold immersed in Sg“’ with constant
scalar curvature 0 < R < 1. Then

(i) either supy, |®| =0 and M" is a totally umbilical submanifold,
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Main Result

Let M" be a complete spacelike pnmc submanifold immersed in Sg“’ with constant
scalar curvature 0 < R < 1. Then

(i) either supy, |®| =0 and M" is a totally umbilical submanifold,

(i) or
sup [®[? > a(n, p, R) >0,
M

where a(n, p, R) is a positive constant depending only on n, p, R (see Remark 1).
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Main Result

Let M" be a complete spacelike pnmc submanifold immersed in Sgﬂ’ with constant
scalar curvature 0 < R < 1. Then

(i) either supy, |®| =0 and M" is a totally umbilical submanifold,

(i) or
sup [®[? > a(n, p, R) >0,
M

where a(n, p, R) is a positive constant depending only on n, p, R (see Remark 1).

Moreover, the equality supy, |®| = a(n, p, R) holds and this supremum is attained at
some point of M" if and only if p=1, n > 3 and M" is isometric to a hyperbolic

cylinder
H! x S""1(\/1+ r2)

of radius r > 0.
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Geometrically, this result can be seen as Gap result for the traceless operator of M",
close in the spirit other similar Gap results for the second fundamental form, as in
the classical paper on minimal submanifolds by Simons [7] and Chern, do Carmo and
Kobayashi [5].
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A lower estimate for the Cheng-Yau operator
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A lower estimate for the Cheng-Yau operator

Proposition 1.

Let M"™ be a spacelike pnmc submanifold in SZH’ with constant scalar curvature

R < 1. Then

1 1

SLIOP) > ﬁwmmww +n(n—1)(1 - R),
where
(B)  Qr(x) = WE —(n—2)xy/>2 + n(n—1)(1 — R) + n(n — )R

and L is the Cheng-Yau operator defined by

(4) L(-) = tr(P o V3(-)),
with
(5) P = nHI — "t
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Fundamental Lemmas

Lemma 2 (Camargo [4]).

Let M" be a spacelike submanifold immersed in Sg+p with constant scalar curvature
R < 1. Then

(6) IVAZ =3 (h)? > n?|VHP.

o,isjsk

Moreover, if R < 1 and the equality holds on M", then H is constant on M".
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Fundamental Lemmas

Lemma 2 (Camargo [4]).

Let M" be a spacelike submanifold immersed in Sg+p with constant scalar curvature
R < 1. Then

(6) IVAZ =3 (h)? > n?|VHP.

a,izj,k

Moreover, if R < 1 and the equality holds on M", then H is constant on M".

Lemma 3 (Santos [6]).

Let A, B : R" — R" be symmetric linear maps such that AB — BA =0 and
tr(A) = tr(B) = 0. Then

[tr(A2B)| < %N(A)\/N(B),

where N(B) = tr(BB?).

Moreover, the equality holds on the right hand side (resp. left hand side) if and only if
(n — 1) of the eigenvalues of A and corresponding eigenvalues of B are equals.
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Ellipticity of the operator L

Lemma 4.

Let M" be a spacelike submanifold in the de Sitter space Sgﬂ) with H > 0. Let p_
and p be, respectively, the minimum and the maximum of the eigenvalues of the
operator P at every point p € M". If R <1 (resp., R <1 on M"), then the operator
L is elliptic (resp., semi-elliptic), with

p— >0 (resp.,pu— >0)

and

pt < 2nH  (resp., pq < 2nH).
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Proof of Proposition 1.
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Sketch of the proof

First of all, we recall the following Simons’ type formula for Cheng-Yau operator (cf. [4]):

@) LinH) =3 (hg)? = i |VHP + 3 N(hah/3 - hBha) + n|o)?
o,iyjk a,B

+> (tr(hahﬁ))2 —nH > tr (BH(h)?) .
a, [e
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Sketch of the proof

First of all, we recall the following Simons’ type formula for Cheng-Yau operator (cf. [4]):

@) LinH) =3 (hg)? = i |VHP + 3 N(hah/3 - hBha) + n|o)?
o,iyjk a,B

+> (tr(hahﬁ))2 —nH > tr (BH(h)?) .
a, [e

Since R is constant and L is semi-elliptic, it follows from (2) that

(8) ﬁL(M)\Z) =2HL(nH) + 2n(P(VH), VH) > 2HL(nH).
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Sketch of the proof

First of all, we recall the following Simons’ type formula for Cheng-Yau operator (cf. [4]):

@) =3 () = RIVHP + 3 N(hah/3 - hBha) + n|o)?
a,ijk a,B

+> (tr(hahﬁ))2 —nH > tr (BH(h)?) .
a, [e

Since R is constant and L is semi-elliptic, it follows from (2) that

(8) ﬁL(M)\Z) =2HL(nH) + 2n(P(VH), VH) > 2HL(nH).

On the other hand, from & = h% — H¥],
_ HHZ tr hn+1 ha + Z [tr(ha hB)] — —nH Z tr [¢,n+1(¢a)2}
a,B @

(9) —nH2|<I)\2 J,-Z {tr(q>a¢3)]2
a,B

and N(h®h® — hBh®) = N(®*dF — dPd>) > 0.
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Sketch of the proof

Since the normalized mean curvature vector of M" is parallel, a straightforward compu-
tation allows us to check that ®"*1 commutes with all the matrix ®%. In this setting,
we can use Lemma 3, for A = & and B = ®"t1, in order to obtain

10 H(092em )| < — "2 N7 yioo) /(@)
(10) ;}t«) )ng()()
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Sketch of the proof

Since the normalized mean curvature vector of M" is parallel, a straightforward compu-
tation allows us to check that ®"*1 commutes with all the matrix ®%. In this setting,
we can use Lemma 3, for A = & and B = ®"t1, in order to obtain

(10) Z [tr((@)20mH)| < D)4/ N(Pn+1).

!
Moreover, =, N(®<) = [®]2 and N(®"1) = tr(¢"+1)2 < |2, Hence,

(11) S S (@i @) > — 1022 pep.

v/n(n—1)
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Sketch of the proof

Since the normalized mean curvature vector of M" is parallel, a straightforward compu-
tation allows us to check that ®"*1 commutes with all the matrix ®%. In this setting,
we can use Lemma 3, for A = & and B = ®"t1, in order to obtain

(10) Z [tr((@)20mH)| < D)4/ N(Pn+1).

!
Moreover, =, N(®<) = [®]2 and N(®"1) = tr(¢"+1)2 < |2, Hence,

(11) S S (@i @) > — 1022 pep.

v/n(n—1)
Using Cauchy-Schwarz inequality,

(12) pY _[tr(e*0f)? > pZ[tr ()2

a,B

2
= py [N > (Z N(‘D“))— |]*.
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Sketch of the proof

Thus, from (8) and previously inequalities, we get

w_ n(n—2)

(13) L<|¢2>2H|¢|2( ’ n(n_l)H|d>—n<H2—1>>.

2(n—1)
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Sketch of the proof

Thus, from (8) and previously inequalities, we get

1 ep 2 (1P n(n=2) g w2

(13) 5oy tI9F) = Hisl ( g Hlol = n(r 1)>.
Besides, from (2) we have

(14) H? = ﬁw? +(1-R).
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Sketch of the proof

Thus, from (8) and previously inequalities, we get

1 ep 2 (1P n(n=2) g w2

(13) 5oy tI9F) = Hisl ( g Hlol = n(r 1)>.
Besides, from (2) we have

(14) H? = ﬁw? +(1-R).

Consequently, taking into account that H > 0, we can write

1
(15) H= Tl)\/|¢|2+n(nfl)(lfl-?).

NCCEY

Therefore, inserting (14) and (15) in (13) we obtain the lower estimate.
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alytical machinery
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Analytical machinery

We say that the Omori-Yau maximum principle holds on M" for the operator L if, for any
function u € C2(M) with u* = supy, u < oo, there exists a sequence {px}xeny C M"
with the properties

u(px) > u™ —

x| =

1
, |Vu(pk)\<; and  Lu(py) <

x| =

for every k € N.
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Analytical machinery

We say that the Omori-Yau maximum principle holds on M" for the operator L if, for any
function u € C2(M) with u* = supy, u < oo, there exists a sequence {px}xeny C M"
with the properties

u(px) > u™ —

x| =

1
, |Vu(pk)\<; and  Lu(py) <

x| =

for every k € N.

Our Omori-Yau maximum principle is obtained as an application of the following result,
which is a particular case of:

Lemma 5 (Alias, Mastrolia and Rigoli [3]).

Let M" be a complete, non-compact Riemannian manifold with sectional curvature
bounded from below. Then the Omori-Yau maximum principle holds on M" for any
semi-elliptic operator

L = tr(P o Hess)

with supy, tr(P) < +oo.
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Maximum Principle for L operator

Proposition 2.

Let M" be a complete non-compact spacelike submanifold in Sffp with constant
scalar curvature. If

e RL1
e supy |®|? < +oo,

then the Omori-Yau maximum principle holds on M" for the Cheng-Yau operator L.
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Proof of Theorem 1.
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.

If supy, |®|? = 400, then (ii) is trivially satisfied.
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.

So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.
So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2

Then, from Proposition 1 we get
(16) L(u) > f(u),

where
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.
So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2

Then, from Proposition 1 we get
(16) L(u) > f(u),

where
F(u) = ﬁuoﬁ,(ﬁwu Ta(n -1 R)

and Qg(x) is given by (3).
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.
So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2

Then, from Proposition 1 we get
(16) L(u) > f(u),

where

F(u) = ﬁuoﬁ,(ﬁwu Ta(n -1 R)

and Qg(x) is given by (3).

*

If M" is compact, there exists a point pg € M" such that u(pg) = u*.
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.
So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2

Then, from Proposition 1 we get
(16) L(u) > f(u),

where

F(u) = ﬁuoﬁ,(ﬁwu Ta(n -1 R)
and Qg(x) is given by (3).

*

If M" is compact, there exists a point pg € M" such that u(pg) = u*.

Consequently,
Vu(po) =0 and Lu(po) <0,
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Proof of Theorem 1.

If supy, |®|? = 0, then M" is totally umbilical and, hence, item (i) holds.
If supy, |®|? = 400, then (ii) is trivially satisfied.
So, let us suppose that 0 < supy, |®|2 < 400 and let us take u = |2

Then, from Proposition 1 we get
(16) L(u) > f(u),

where
F(u) = ﬁuoﬁ,(ﬁwu Ta(n -1 R)

and Qg(x) is given by (3).

*

If M" is compact, there exists a point pg € M" such that u(pg) = u*.

Consequently,
Vu(po) =0 and Lu(po) <0,

and from (16) we get f(u*) < 0.
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Proof of Theorem

Now, assume that M" is complete and non-compact.
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Proof of Theorem 1.

Now, assume that M" is complete and non-compact.

Since u* < 400, Lemma 2 guarantees that there exists a sequence of points {px }ken C
M" satisfying

x| =

1
(17) u(pe) > u* — - and - Lu(py) <

for every k € N.
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Proof of Theorem 1.

Now, assume that M" is complete and non-compact.

Since u* < 400, Lemma 2 guarantees that there exists a sequence of points {px }ken C
M" satisfying

x| =

1
(17) u(pe) > u* — - and - Lu(py) <

for every k € N. Therefore from (16) and (17), we get

(18) © > Lu(p) > F(u(py)).
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Proof of Theorem 1.

Now, assume that M" is complete and non-compact.

Since u* < 400, Lemma 2 guarantees that there exists a sequence of points {px }ken C
M" satisfying

x| =

1
(17) u(pe) > u* — - and - Lu(py) <

for every k € N. Therefore from (16) and (17), we get

(18) © > Lu(p) > F(u(py)).

Taking into (18) the limit when k — +o00, by continuity, we have

2

v/n(n—1)

0>f(u)= u* Qr(Vu*)\/u* 4+ n(n—1)(1 — R).
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Proof of Theorem 1.

Now, assume that M" is complete and non-compact.

Since u* < 400, Lemma 2 guarantees that there exists a sequence of points {px }ken C
M" satisfying

x| =

1
(17) u(pe) > u* — - and - Lu(py) <

for every k € N. Therefore from (16) and (17), we get

(18) © > Lu(p) > F(u(py)).

Taking into (18) the limit when k — +o00, by continuity, we have
2

v/n(n—1)

Hence, in any case we obtain that, when 0 < u < 400, it must be f(u*) <O0.

0>f(u)= u* Qr(Vu*)\/u* 4+ n(n—1)(1 — R).
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Proof of Theorem 1.

Now, assume that M" is complete and non-compact.

Since u* < 400, Lemma 2 guarantees that there exists a sequence of points {px }ken C
M" satisfying

x| =

1
(17) u(pe) > u* — - and - Lu(py) <

for every k € N. Therefore from (16) and (17), we get

(18) © > Lu(p) > F(u(py)).

Taking into (18) the limit when k — +o00, by continuity, we have
2

v/n(n—1)

Hence, in any case we obtain that, when 0 < u < 400, it must be f(u*) <O0.

0>f(u)= u* Qr(Vu*)\/u* 4+ n(n—1)(1 — R).

Since u* > 0 and R < 1, this implies

(19) Qr(Vu¥) <o0.
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Proof of Theorem 1.

Note that the hypothesis R > 0 guarantees us that
Qr(0) =n(n—1)R > 0.

It is not difficult check that, this condition jointly with this inequality Qr(v/'u*) < 0
implies that
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Proof of Theorem 1.

Note that the hypothesis R > 0 guarantees us that

Qr(0) =n(n—1)R > 0.
It is not difficult check that, this condition jointly with this inequality Qr(v/'u*) < 0
implies that

sup |0 = u* > x2 = a(n, p, R),
i

This proves the inequality in (ii).
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Proof of Theorem 1.

Note that the hypothesis R > 0 guarantees us that
Qr(0) =n(n—1)R > 0.
It is not difficult check that, this condition jointly with this inequality Qr(v/'u*) < 0
implies that
sup |®2 = u* > x¢ = a(n, p, R),
M

This proves the inequality in (ii).

Moreover, equality supy, |®|?> = a(n, p, R) holds if, and only if, v/u* = xo. Thus
Qr(+/u) > 0 on M", which jointly with (16) implies that

L(u)>0 on M".
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Proof of Theorem 1.

Note that the hypothesis R > 0 guarantees us that
Qr(0) =n(n—1)R > 0.
It is not difficult check that, this condition jointly with this inequality Qr(v/'u*) < 0
implies that
sup |®2 = u* > x¢ = a(n, p, R),
M

This proves the inequality in (ii).

Moreover, equality supy, |®|?> = a(n, p, R) holds if, and only if, v/u* = xo. Thus
Qr(+/u) > 0 on M", which jointly with (16) implies that

L(u)>0 on M".

Now, suppose that R < 1.
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Proof of Theorem 1.

Note that the hypothesis R > 0 guarantees us that
Qr(0) =n(n—1)R > 0.
It is not difficult check that, this condition jointly with this inequality Qr(v/'u*) < 0
implies that
sup |®2 = u* > x¢ = a(n, p, R),
M

This proves the inequality in (ii).

Moreover, equality supy, |®|?> = a(n, p, R) holds if, and only if, v/u* = xo. Thus
Qr(+/u) > 0 on M", which jointly with (16) implies that

L(u)>0 on M".

Now, suppose that R < 1. Hence, Lemma 4 assures that the operator L is elliptic.
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,

(20) 0= 2L(0P2) > ——=——|LQr(|®])\/|o + n(n— 1)(1 - R) > .

2 /n(n—1)
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,

(20) 0= 2L(0P2) > ——=——|LQr(|®])\/|o + n(n— 1)(1 - R) > .

2 /n(n—1)

Hence, the inequality (8) become equality. In particular, since L is elliptic if and only if
P is positive defined, from (8) we obtain that H is constant.
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,

(20) 0= 2L(0P2) > ——=——|LQr(|®])\/|o + n(n— 1)(1 - R) > .

2 /n(n—1)

Hence, the inequality (8) become equality. In particular, since L is elliptic if and only if
P is positive defined, from (8) we obtain that H is constant.

Since |®| > 0 and R < 1, from (20) we must have Qg(|®|) = 0.
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,

(20) 0= 2L(0P2) > ——=——|LQr(|®])\/|o + n(n— 1)(1 - R) > .

2 /n(n—1)

Hence, the inequality (8) become equality. In particular, since L is elliptic if and only if
P is positive defined, from (8) we obtain that H is constant.

Since |®| > 0 and R < 1, from (20) we must have Qg(|®|) = 0.

Thus, all inequalities obtained along the proof of Proposition 1 are, in fact, equalities.
In particular, from inequality (11) we conclude that

tr(¢n+1)2 — |¢“2_
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Proof of Theorem 1.

Therefore, if there exists a point pg € M" such that |®(pg)| = sup,, |P|, we can apply
the strong maximum principle, in order to obtain that the function u = |®|? is constant
and equal to xp. Thus,

(20) 0= 2L(0P2) > ——=——|LQr(|®])\/|o + n(n— 1)(1 - R) > .

2 /n(n—1)

Hence, the inequality (8) become equality. In particular, since L is elliptic if and only if
P is positive defined, from (8) we obtain that H is constant.

Since |®| > 0 and R < 1, from (20) we must have Qg(|®|) = 0.

Thus, all inequalities obtained along the proof of Proposition 1 are, in fact, equalities.
In particular, from inequality (11) we conclude that

tr(¢n+1)2 — |¢“2_
So, from (2) we get

(21) tr(®"1)? = |®|? = |A]2 — nH2.
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Proof of Theorem 1.

On the other hand,

(22) tr(®")?2 = AP = > > (h)? — nH.

a>ntl iy

Thus, from (21) and (22) we conclude that > . ., Z;,j(h3)2 = 0. But, from ine-
quality (12) we also have that
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Proof of Theorem 1.

On the other hand,

(22) tr(®")?2 = AP = > > (h)? — nH.

a>n+l i,

Thus, from (21) and (22) we conclude that > . ., Z;,j(h3)2 = 0. But, from ine-
quality (12) we also have that

(23) [Pt =p D [N = pN(e")? = p|o|*.
a>n+1

Since |®| > 0, we must have that p = 1.
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Proof of Theorem 1.

On the other hand,

(22) tr(®")?2 = AP = > > (h)? — nH.

a>n+l i,

Thus, from (21) and (22) we conclude that > . ., Z;,j(h3)2 = 0. But, from ine-
quality (12) we also have that

(23) @ =p > [IN(@)? = pN(e")? = p|o]*.
a>n+1

Since |®| > 0, we must have that p = 1.

In this setting, from (6) and (23) we get

+1\2 __ .2 2 _
D (h? = n?|[VHP? =0,
ijk

that is, hZ.:'l =0 for all i,j and M" is an isoparametric hypersurface of Si’“.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.

Therefore, we can apply classical congruence theorem due to Abe, Koike and Yamaguchi
we conclude that M™ must be one of the two following standard product into Si’“:
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.

Therefore, we can apply classical congruence theorem due to Abe, Koike and Yamaguchi
we conclude that M™ must be one of the two following standard product into Si’“:

HY(r) x S""Y(V/1+ r?)
H" 7 (r) x SH (V1 + r2)

or

of positive radius r > 0.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.

Therefore, we can apply classical congruence theorem due to Abe, Koike and Yamaguchi
we conclude that M™ must be one of the two following standard product into Si’“:

HY(r) x S""Y(V/1+ r?)
H" 7 (r) x SH (V1 + r2)

or

of positive radius r > 0.

But the second hyperbolic cylinder has negative constant scalar curvature.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.

Therefore, we can apply classical congruence theorem due to Abe, Koike and Yamaguchi
we conclude that M™ must be one of the two following standard product into Si’“:

HY(r) x S""Y(V/1+ r?)
H" 7 (r) x SH (V1 + r2)

or

of positive radius r > 0.
But the second hyperbolic cylinder has negative constant scalar curvature.

Hence our hyperbolic cylinder is the first.
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Proof of Theorem 1.

Hence, since the equality occurs in (10), we have that also occurs the equality in
Lemma 3.

Consequently M" has at most two distinct constant principal curvatures.

Therefore, we can apply classical congruence theorem due to Abe, Koike and Yamaguchi
we conclude that M™ must be one of the two following standard product into Si’“:

HY(r) x S""Y(V/1+ r?)
H" 7 (r) x SH (V1 + r2)

or

of positive radius r > 0.
But the second hyperbolic cylinder has negative constant scalar curvature.
Hence our hyperbolic cylinder is the first.

This conclude the proof.
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Positive root of Qr

_ n(n—1)p
2(n—p— 1P — (n—27%)

a(n, p,R)

ﬂ(n7 p7 R)?

where
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Positive root of Qr

_ n(n—1)p
2(n—p— 1P — (n—27%)

a(n, p,R)

B(n, p, R),
where
B(n,p,R) = (n—2)°p(1—R)—2(n—p—1)R
—(n—2)y/p(L — R)(n —2)?p(1 — R) — 4(n — p — )R) + 4p2R2.

v
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Positive root of Qr

_ n(n—1)p
2(n—p— 1P — (n—27%)

a(n, p,R)

B(n, p, R),
where
B(n,p,R) = (n—2)°p(1—R)—2(n—p—1)R
—(n—2)y/p(L — R)(n —2)?p(1 — R) — 4(n — p — )R) + 4p2R2.

v

In particular, when n = 2 the expression for a(n, p, R) reduces to

Hence, for spacelike surfaces,
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Positive root of Qr

_ n(n—1)p
2(n—p— 1P — (n—27%)

a(n, p,R)

B(n, p, R),
where
B(n,p,R) = (n—2)°p(1—R)—2(n—p—1)R
—(n—2)y/p(L — R)(n —2)?p(1 — R) — 4(n — p — )R) + 4p2R2.

In particular, when n = 2 the expression for a(n, p, R) reduces to

Hence, for spacelike surfaces,

Corollary 6.

The only complete spacelike pnmc surfaces immersed in Siﬂ’ , p > 2, with constant
Gaussian curvature 0 < K < 1 and such that sup,, |®[> < %K, are the totally
umbilical ones.

Fabio Reis dos Santos Characterizations of spacelike submanifolds



Application to L-parabolic manifolds
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Application to L-parabolic manifolds

We recall that a Riemannian manifold M" is said to be parabolic (with respect to the
Laplacian operator) if the constant functions are the only subharmonic functions on M"
which are bounded from above; that is, for a function u € CZ(M)

Au>0 and u<u* <+oco implies u = constant.
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Application to L-parabolic manifolds

We recall that a Riemannian manifold M" is said to be parabolic (with respect to the
Laplacian operator) if the constant functions are the only subharmonic functions on M"
which are bounded from above; that is, for a function u € CZ(M)

Au>0 and u<u* <+oco implies u = constant.

More generally, let M" be a Riemannian manifold and consider a general class of second
order differential operators on M" given by

(24) L(u) = tr(P o V2u)

for every u € C?(M), where P : TM — TM is a symmetric operator on M".
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Application to L-parabolic manifolds

We recall that a Riemannian manifold M" is said to be parabolic (with respect to the
Laplacian operator) if the constant functions are the only subharmonic functions on M"
which are bounded from above; that is, for a function u € CZ(M)

Au>0 and u<u* <+oco implies u = constant.

More generally, let M" be a Riemannian manifold and consider a general class of second
order differential operators on M" given by

(24) L(u) = tr(P o V2u)
for every u € C?(M), where P : TM — TM is a symmetric operator on M".

In this setting, M" is said to be L-parabolic (or parabolic with respect to the operator
L) if the constant functions are the only functions u € C2(M) which are bounded from
above and satisfying Lu > 0.
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Application to L-parabolic manifolds

We recall that a Riemannian manifold M" is said to be parabolic (with respect to the
Laplacian operator) if the constant functions are the only subharmonic functions on M"
which are bounded from above; that is, for a function u € CZ(M)

Au>0 and u<u* <+oco implies u = constant.
More generally, let M" be a Riemannian manifold and consider a general class of second
order differential operators on M" given by
(24) L(u) = tr(P o V2u)
for every u € C?(M), where P : TM — TM is a symmetric operator on M".

In this setting, M" is said to be L-parabolic (or parabolic with respect to the operator
L) if the constant functions are the only functions u € C2(M) which are bounded from
above and satisfying Lu > 0.

That is, for a function u € C2(M)

Lu>0 and u<u*<+oo implies u = constant.
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Application to L-parabolic manifolds

Theorem 7.

Let M", n > 3, be a complete L-parabolic spacelike pnmc submanifold in Sgﬂ’ with
constant scalar curvature 0 < R < 1. Suppose that M" is not totally umbilical. Then

(25) sup |®[> > a(n, p, R) > 0,
M

with equality if and only if p =1 and M" is isometric to a hyperbolic cylinder

HY(r) x S""Y(v/1 + r2)

of radius r > 0.
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Some remarks and applications to L-parabolic manifolds
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Some remarks and applications to L-parabolic manifolds

Assume that L is semi-elliptic on a connected Riemannian manifold M". M" is
L-parabolic if and only if every positive, bounded function u satisfying L(u) > 0 is
constant.
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Some remarks and applications to L-parabolic manifolds

Assume that L is semi-elliptic on a connected Riemannian manifold M". M" is
L-parabolic if and only if every positive, bounded function u satisfying L(u) > 0 is
constant.

Proposition 3.

Let M = My X My be a Riemannian (connected) product manifold, where M is
parabolic (with respect to the Laplacian operator) and M, is compact. Let
P : TM — TM be a positive definite symmetric operator on M which splits as

P(U, V) = (AU, uV)

for every U € TMy and V € TMy, with positive constants A\, u € R. Then M" is
L-parabolic.
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Some remarks and applications to L-parabolic manifolds

Assume that L is semi-elliptic on a connected Riemannian manifold M". M" is
L-parabolic if and only if every positive, bounded function u satisfying L(u) > 0 is
constant.

Proposition 3.

Let M = My X My be a Riemannian (connected) product manifold, where M is
parabolic (with respect to the Laplacian operator) and M, is compact. Let
P : TM — TM be a positive definite symmetric operator on M which splits as

P(U, V) = (AU, uV)

for every U € TMy and V € TMy, with positive constants A\, u € R. Then M" is
L-parabolic.

Corollary 9.

The hyperbolic cylinders H(r) x S"~1(v/1 + r2), as spacelike submanifolds of S,
are parabolic with respect to the Cheng-Yau operator L.
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