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Singer’'s Problem on the Euclidean plane

D. Singer. Curves whose curvature depends on distance from the origin.
Amer. Math. Monthly 106 (1999), 835-841.

Can a plane curve be determined if its curvature is given in terms of its
position on the Euclidean plane?
X' (t)y"(t) — y'(£)x"(t)

=x(x(t), y(1))

(X' (£)2 + y/(2)2)*?

x=x(x,y),
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Singer’'s Problem on the Euclidean plane

D. Singer. Curves whose curvature depends on distance from the origin.
Amer. Math. Monthly 106 (1999), 835-841.

Can a plane curve be determined if its curvature is given in terms of its
position on the Euclidean plane?

X (8)y"(£) =y ()X (¢)
(X' (£)2 + y/(2)2)*?

= x(x(t), y (1))

x=x(x,y),

e k(x,y) = \/x2+y2 < «(r) = r: Bernoulli lemniscate r> = 3sin 20

@ «x(x,y) = «(y). Castro ., Castro-Infantes I., Plane curves with
curvature depending on distance to a line, Diff. Geom. Appl., 2016,
44, 77-97.

Q x(x,y) = x(\/x2+ y?). Castro I., Castro-Infantes .,
Castro-Infantes, J., New plane curves with curvature depending on

distance from the origin, Mediterr. J. Math., 2017, 14, 108:1-19.



Curves with prescribed curvature

Theorem «(y)

Prescribe ¥ = x(y) continuous. The problem of determining a curve
7(s) = (x(s),y(s)) -s arc length- with curvature x(y) is solvable by:

@ [«x(y)dy = K(y), geometric linear momentum.

dy
Q@ s=s(y)= f\/l——i)Q -—>»y =y(s) --» k = «x(s).
Q x( —([K(y
e vis umquely determlned, up to translations in the x-direction, by (y)




Curves with prescribed curvature

Theorem «(y)

Prescribe ¥ = x(y) continuous. The problem of determining a curve
7(s) = (x(s),y(s)) -s arc length- with curvature x(y) is solvable by:

@ [«x(y)dy = K(y), geometric linear momentum.

dy
= ————) = S) ——> K =KI\|S).
Q x( —([K(y
e vis umquely determlned, up to translations in the x-direction, by (y)

Theorem «(r)

9 s=s(y)

Prescribe © = x(r) such that rx(r) continuous. The problem of
determining a curve (s) = r(s) e’(s) with curvature «(r) is solvable by:

o er = K(r), geometric angular momentum.
2 SZS f rdr

0 0(s)= fu(;;z» "
e 7 is uniquely determined, up to rotations, by /C(r)

—=»r=r(s) --» k. = x(s).
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Elastica under tension 0 € R: 2k +x3—cx =0

> x(y) =21y, A >0 — K(y) :/\y2+c
elastica under tension 0 = —4Ac

Maximum curvature kg = 2vAv/1I—¢c, c < 1

e c > —1, wavelike: . e c < —1, orbitlike:
L e ¢ = —1, borderline: .
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Singer’'s Problem on the Euclidean plane

The catenary y = cosh x, x € R is the only
plane curve (up to translations in the
x-direction) with curvature x(y) = 1/y? and
geometric linear momentum C(y) = —1/y.

The grim-reaper y = —logsinx, 0 < x < 7t
is the only plane curve (up to translations in
the x-direction) with curvature x(y) = e ™
and geometric linear momentum

K(y)=—e™.




Singer’'s Problem on the Euclidean plane

The Norwich spiral is the only (non
circular) plane curve, up to rotations,
with curvature x(r) = 1/r and
geometric angular momentum KC(r) = r.

v

The Bernoulli lemniscate r2 = 3sin 26
is the only plane curve, up to rotations,
with geometric angular momentum
K(r) = r®/3 and curvature is k(r) = r.

The cardioid r = 89?(1 + cos ), is the
only plane curve (up to rotations) with
radial primitive curvature

K(r) = 21+ /r and curvature is

k() = AJ T
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We denote by L2:= (]Rz,g: —dx? + dy2) the Lorentz-Minkowski plane.
» A non-zero vector v € IL? is spacelike if g(v,v) >0, lightlike if
g(v,v) =0, and timelike if g(v,v) < 0.

» A curve y=(x,y):/ C R — R? is called spacelike (resp. timelike) if
the tangent vector 7/ (t) is spacelike (resp. timelike) for all t € /.

A point 7y(t) is called a lightlike point if /(t) is a lightlike vector.

Classical Existence Theorem
It is possible to obtain a parametrization by arc-length of a curve 7y in
terms of integrals of its curvature ¥ = x(s). Concretely, any spacelike
curve «(s) in IL2 can be represented (up to isometries) by

. ., do(s

a(s) = (/ sinh (p(s)ds,/cosh (p(s)ds) with # = x(s),
s

and any timelike curve B(s) can be represented (up to isometries) by

B(s) = (/ cosh ¢(s)ds, '/sinh gb(s)ds) with dq;i(ss) = x(s).




Singer's Problem on Lorentz-Minkowski plane

Geodesics

The spacelike geodesics are written as:
&g, (s) = (sinh@gs,coshggs), s € R, ¢g € R,
while the timelike geodesics can be written as:

Byo(s) = (coshpg s,sinhgs), s € R, ¢g € R.




Lorentzian Pseudodistance

We define the Lorentzian pseudodistance by

5:1L2 x L2 = [0, +00), 5(P. Q) = \/|g(PQ, PQ)|.

Spacelike geodesics in L2 passing through P and with a point P’ in x-axis.
Then:

12 1Y 2 y? 2

» Equality holds if and only if vertical geodesic.

Thus: |y| is the maximum Lorentzian pseudodistance through spacelike
geodesics from P=(x,y), y # 0, to the x-axis.
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Singer’s Problem on L2

Determine those curves o = (x, y) in IL? whose curvature x depends on
some given function k¥ = x(x, y).

We focus on spacelike and timelike curves, since the curvature x is in
general not well defined on lightlike points, and because lightlike curves in
IL2 are segments parallel to the straight lines determining the light cone.

@ Pseudodistance to a fixed spacelike geodesic: x(x,y) = x(x).

@ Pseudodistance to a fixed timelike geodesic: x(x,y) = x(y).

@ Pseudodistance to a fixed lightlike geodesic: x(x,y) = x(v),

vV=y—x
Q Pseudodistance to a fixed point: x(x,y) = x(p),

p=VI=x+ 72

Duality between spacelike and timelike curves

If v = (x,y) is a spacelike (resp. timelike) curve with k¥ = x(y),
then 4 = (y, x) is a timelike (resp. spacelike) curve with ¥ = x(x).
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Curvature depending on distance to a timelike geodesic

Theorem

Prescribe ¥ = x(y) continuous.

Then the problem of determining locally a spacelike or timelike curve
(x(s),y(s)) with geometric linear momentum K (y)

(and curvature x(y) satisfying diC = x(y)dy),

is solvable by quadratures by (e = 1 spacelike, € = —1 timelike)

o/ Yy = K(y).

o) = dy
0 === | i

where K(y)2 +€ >0, -——» y = y(s) ——» x(s).

— [K(y(s))ds

» Such a curve is uniquely determined by C(y) up to a translation in the
x-direction (and a translation of the arc parameter s).

e /C(y) will distinguish geometrically the curves inside a same family by
their relative position with respect to the x-axis.




Example: geodesics

Geodesics: k =0

dy y
[ ) = . = =
Ky)=c€eR.s /\/C2+€ N
x(s) =csand y(s) =Vc?2+es, seR.
€ =1: K = c:=sinh ¢g — spacelike geodesics a,.
¢ = 0 = ¢g corresponds to the y-axis.
€ = —1: K = c:= cosh ¢y — timelike geodesics By, .
¢ =14 ¢o = 0 corresponds to the x-axis.

,c24+e>0.




Example: circles
Circles: k=ky>0

o K(y) = kgy + ¢, c e R. s:f\/#.
€ = 1: s = arcsinh(kgy + ¢)/ ko-

x(s) = cosh(kos)/ kg and y(s) = (sinh(kgs) — ¢)/ko.
€ = —1: s = arccosh(koy + ¢)/ ko

x(s) = sinh(kos)/ ko and y(s) = (cosh(kogs) — c)/ko.

N

- D

They correspond respectively to spacelike and timelike pseudocircles in L2 of
radius 1/ kg.




Elasticae on IL%: x(y) = 2ay + b with a # 0, b € R.

Definition
A spacelike or timelike curve 7y is said to be an elastica under tension o if
it satisfies the differential equation 2k — K3 — oKk = 0, for some value of
ocelR

2 14 0o

The energy E € R of an elastica is: E := &° — ZK — EK .




Elasticae on IL%: x(y) = 2ay + b with a # 0, b € R.

Definition

A spacelike or timelike curve 7y is said to be an elastica under tension o if

it satisfies the differential equation 2k — K3 — oKk = 0, for some value of
ceR. 1

.. o
The energy E € R of an elastica is: E := K> — ZK4 — 57(2.
Proposition

Let 7 be a spacelike or timelike curve in IL2.

o If the curvature of 7y is given by k(y) =2ay + b, a # 0, b € R, with
geometric linear momentum KC(y) = ay? + by + ¢, a #0, b,c € R:

Then 7 is an elastica under tension ¢ = 4ac — b? and energy
E = 4€a® + 0% /4 (where € = 1 if 7 is spacelike and € = —1 if 7y is
timelike).




Spacelike elasticae = «(y) = 2y and € = 1.

e (y) =y*+c, c=sinhn €C (s, =sinhy and ¢; = cosh)

+¢ s+\/>(cn Vs ky) (k25d \/>sk —ds(/'s, k,,))f2E(\/cT,s,k,7))
_ 1—tanhy

(sy
= /Sy cs(\/Gy s, ky) nd(\ /Ty s, ky), ki = —>
—2./5 s
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Spacelike elastic curves a; = (Xq,yq), (y=0,15,-1,5).



Timelike elasticae = x(y) =2y and € = —1.

o K(y) =y +1(c=1). o Lly) =y?—1(c=-1).
x1(s) = s — v/2 coth(1/2s), x_1(s) = v/2tan(v/2s) — s,
.yl(s) = _sinh\((zﬁs)' S 7é 0 .y—].(S) = j:COSE/\giS)' |5| < 2\7;5
ns) =~ i ca(s) = Z25.
/
- N
ST S
///f/ ‘\‘,.




Timelike elasticae = x(y) =2y and € = —1.

o K(y) = y?+cosh?8,6 >0, (c >1).

S) = 2s+,/c2+1 (dn(1/<:2+ls ks)tn(y/c2 + 15, ké)fE(,/c§+1s,k5)),

x5 (
_)/(5(5):55 tn(q/cg—i-ls k&) k2 m

(2m71 /,/c(5+1(2m+1 (ks)/ c5+1>.m€IN.
Ks(s) = 2s5 tn(y/c2 + 1s, ks).

P

7 ~ -
/ V.4 /

7 . K
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Y. . .

y

Timelike elastic curves Bs = (x5, y5) (6 =0,5,1,1,5).



Timelike elasticae = x(y) =2y and € = —1.

o K(y) =y? +siny, || < m/2, (|| <1).

xp(s) = s+ V2 (dn(v/2s, ky) (V25 ky) = E(V25,ky) ).
ypls) = \/17nc V2s, ky), k2 =150
se((zm—1) (ky)/V/2, (2m+1) (kl,,)/ﬁ),melN.

p(s) =2/ T=sync(V2s, ky).

AN % N A7 NN
NN\ NN T NN
XK/ NI N
V7 AR\URY 7 4R\ NNV AR
77 NN\ 7/ N\ 7/ AN

Timelike elastic curves By = (xyp, yy) ( = —7/4,0,7/6).




Timelike elasticae = x(y) =2y and € = —1.

o K(y) =y? —cosh’1, T >0, (c < —1).

XT(S =s+4/1+c2 (dn (V1+c2s, ke)tn(y/1+c2s, kr)—E(y/1+2s, kT)),
}’T(

1+cosh§ T

se(z K(ke)/ T+ 2, (2m+ 1)K (ke /\/1+c2>,mE]N.
s 2\/1+c§dc V1+c2s, k).

.9 =, Fa
L

) =
s) = \/1—|—c$ de(\/T+ s, k), k2 = —sin’z
(
t(s) =

\\\ /y' N \\ / f

\\\\\ ,(/’ \N\\f/, N \ ‘/j’
V% N N/

My

7NN 77 TN

Vi N\ W7 N AN

L] 7 L rid e

Timelike elastic curves Br = (xr, yr), (T =1,2,3).



Curves with k(y) = A/y>, A >0 > A =1

e [C(y) = —1/y. Lorentzian catenaries

€ = 1. Spacelike case:
x(s) = iarccosh s,s> 1.

y(s) = :I:\/s2 1,]s| > 1.

k(s) = o 1,s>1

y = —sinhx, x € R.

€ = —1. Timelike case:
= Farcsins, [s| < 1.

x(s)
y(s) = i\/l—s Is| < 1.
K(s) =

s| < 1.

1- 52'

y = tcosx, |x| <m/2.

a
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Curves with k(y) = A/y>, A >0 - A =1

Lorentzian catenaries.

Kobayashi introduced, by studying maximal rotation surfaces in IL3, (up
to dilations) the catenoid of the first kind with equation
y2 422 — sinh? x = 0 and the catenoid of the second kind with equation

x2 — 7% = cos? y.

Y X

¥

The generatrix curves of both
catenoids may be referred as

" Lorentzian catenaries and
coincide with the curves described
before.

© The Lorentzian catenary of the first kind y = —sinh x, x € R, is the
only spacelike curve (up to translations in the x-direction) with
geometric linear momentum K(y) = —1/y.

@ The Lorentzian catenary of the second kind x = + cosyy, |y| < 7/2,
is the only spacelike curve (up to translations in the y-direction)
with geometric linear momentum C(x) = —1/x.




Curves with k(y) = A/y>, A >0 > A =1

o C(y)=c—1/y. € = 1, Spacelike case:
x = Cz—lﬂ (c\/(c2 +1)y2—2cy+1— 7%44 arcsinh((c? + 1)y — c))

LW -

7/ \
A/

Curves with K(y) = ¢ —1/y; ¢ <0 (left) and ¢ > 0 (right).




Curves with k(y) = A/y>, A >0 > A =1

(y) =c—1/y. e = —1, Timelike case:

/C(y)zl—l/y -K(y)=-1-1/y:
_% \,1+2y, y > _1/2_

- -
*
.
N . -
~ - - . -
- - Py, . .
‘ [
. . .
[ ¢ .
- [
s P
2
o N
- ~ \ -
- . - -
* ~
. \. .
- ~
* -

“K(y)=c—1/y, |c| > 1

x:T{1 c/(c2=1)y2 —2cy +1+ N

-’C(y) =c—1/y, || <L
x = (C\/ 2—1)y? —2cy+1— \/jarcsm((g_l)y_c))

tog (2(vZ—14/(Z-1)y2—2cy +1+(c>~1)y—c)) )




Curves with k(y) =AY, A >0 —=> A =1

e [C(y) = ¢”. Lorentzian grim-reapers.

€ = 1. Spacelike case:

x(s) =
—logtanh(—s/2),s < 0.
y(s) =log(—cschs),s < 0.

k(s) = —cschs, s < 0.

y = log(sinhx), x > 0.

NG

€ = —1. Timelike case:

x(s) =
log(secs +tans), |s| < /2.
y(s) = logsecs, |s| < m/2..

Kk(s) =secs, |s| < /2.

y = log(cosh x), x € R.

- '.
S s g
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Curves with k(y) = Ae¥, A >0

e L(y)=¢"+c, c#0. Y/

/4 iR /
Spacelike case (e = 1): /f// A
x = arcsinh(e’ +¢) — // N\

Timelike case (e = —1):
Ky)=¢"+1:
x =2log(vVer + Ve +2) — 1+ 2e 7.
Ky)=e"+c, |c| > 1
x:log(2(\/m+ey+c)>—

K(y)=e—1:
x =2log(ve¥ +e¥ —2) —/1—2e.
K(y)=¢e"+c¢, |c| <1

cIog(Ze_y(m\/m+cey+c2—l)> x = log (2(‘/P(e}/) +eY +c)) + 1C—c2 arcsin (c+ (e - l)e*Y> .
V-1
7




Other curves in 1.2

(y) = fcothy x(s) = FVs2 -1, y(s)=tarccoshs,s > 1.
i i = —sinhy, y € R.

o K(y) =tany. x(s) = FV1—52, y(s) = Larcsins,|s| < 1.

k(s) = 1 . Lorentzian catenary of 2nd kind x = £ cosy, |y| < 71/2.

o K(y) = coshy x(s) = —log (sinh(—s)), y(s) = 2arctanhe®, s < 0.
(s) = —cschs. Lorentzian grim-reaper y = log(sinhx), x > 0.
e K(y) =sinhy.
x(s) = log(2cscs),
y(s) = log (tan(s/2)).
k(s) =cscs,|s| < m
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Curvature depending on distance to a lightlike geodesic

Theorem

Prescribe ¥ = x(v) continuous. Then the problem of determining locally
a spacelike or timelike curve

(u(s);v(s) u(s)+v(s) )

' 2
with geometric linear momentum C(v)
(and curvature x(v) satisfying —e d(1/K) = x(v)dv)
is solvable by quadratures by € = 1 spacelike, € = —1 timelike.

o /K(v)dv = ﬁi)
Q@ s=s(v)= e/IC(v)dv, s v = v(s), - x(s)

0 u(s) = /K(v(s))ds.

» Such a curve is uniquely determined by C(v) up to a translation in the
u-direction (and a translation of the arc parameter s).

e /C(v) will distinguish geometrically the curves inside a same family by
their relative position with respect to the u-axis.




Examples: constant curvature

Geodesics: k =0

o K(v) = —e/c c#0. u(s) = —es/c, v(s) = —cs, sER,
(lines passing through the origin with slope m = gfzz )

€ =1= |m| > 1 spacelike geodesics, ¢ = —1 = |m| < 1 timelike geodesics.




Examples: constant curvature

Geodesics: kK =0
o C(v) = —€/c,c#0. u(s) = —es/c, v(s) = —cs, s € R,

H . .. . 2
(lines passing through the origin with slope m = EJ_FEZ
€ =1= |m| > 1 spacelike geodesics, ¢ = —1 = |m| < 1 timelike geodesics.

Circles: k=ky>0

o C(v) = G +k€ ¢ ER. u(s) = —eekos kg, v(s) = (e 05 — ¢)/kg.
€ =1 = x(s) = (—cosh(kos) +c/2)/ko, y(s) = —(sinh(kos) + c/2)/ko.
(s) =

e=—-1=x (sinh(kos) +¢/2)/ko, y(s) = (cosh(kos) — c/2)/ko.

N
N
N
N

N

(Spacelike and timelike pseudocircles in IL? of radius 1/ kg.)




Curves with k(v) =av+b,a#0,beR - a=b=1

Elastica under tension o equation: 2 — k3 — ok = 0, with ¢ € R.

1 o
Energy E € R of an elastica: E := %2 — ZK4 — 5,(2_



Curves with k(v) =av+b,a#0,beR - a=b=1

Elastica under tension o equation: 2i — 3 — ok = 0, with ¢ € R.

1 o
Energy E € R of an elastica: E := %2 — ZK4 — 5;(2_

e C(v) = c € R. (e = 1 spacelike, € = —1 timelike)

_ €
v2+c!

Q@ c=0 u(s):—eg, v(s)=1/s, «(s)=2/s,s#0.

Spacelike (blue) and timelike (red) elastic curve with o = E = 0.



Curves with k(v) =av+b,a#0,beR - a=b=1

Elastica under tension o equation: 2i — 3 — ok = 0, with ¢ € R.
: 1 o
Energy E € R of an elastica: E := K2 — ZK4 — 51(2.

o C(v) = — 2z c € R. (e = 1 spacelike, € = —1 timelike)

Q@ c>0 u(s) %( sin 2\F5 ) v(s) = —y/ctan(y/cs).

k(s) = —Q\ftan(\f ), || b n/zﬁ.

Spacelike (blue) and timelike (red) elastic curves in IL? with
c=4c>0and E=4c% c=1,23.



Curves with k(v) =av+b,a#0,beR - a=b=1

Elastica under tension o equation: 2i — 3 — ok = 0, with ¢ € R.
1
Energy E € R of an elastica: E := K2 — ZK4 — gxz.
o C(v) = — 2z c € R. (e = 1 spacelike, € = —1 timelike)
inh(2y/—
Q@ c<Ou(s)=¢ (—% + %) v(s) = v/—ccoth(y/—cs).
k(s) = 2y/—ccoth(y/—cs), s # 0.

Spacelike (blue) and timelike (red) elastic curves in IL? with
oc=4c <0 and E:4c2, c=-1,-2,-3.



Curves with k(v) = a/v?, a#0 — a=1

e [C(v) = ev. (e =1 spacelike, ¢ = —1 timelike)

1
u(s) = 2ev/2s\/s/3, v(s) =+/2s, k(s) = S 5> 0.
We arrive at the graphs u =€ v3/3, v > 0 for e = £1.

N
N
N
N
N\
N
N
AN
N
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7

Spacelike (blue) and timelike (red) curve in IL? with K(v) = ev, € = +1.



Curves with x(v) = a/v?, a#0 — a=1

o C(v) = =5, ¢ #0. (e =1 spacelike, € = —1 timelike)

u(v):%(cv—l—ﬁ—l—ﬂog(cv—l)),
forv>1/cifc>0andforv<1l/cif c <O0.

A N \ // / h . //'
N/ AN

/4 Y 25N

N\
[\

Spacelike curves with K(v) = — 5 (left) and
timelike curves with KC(v) = =5 (right).



Curves with k(v) = ae¥, a#0 — a=1

e C(v) = —=5—,c€R. (e =1 spacelike, ¢ = —1 timelike)

eV+c!'



Curves with k(v) = ae’, a#0 — a=1

o C(v) = — o5z, c € R. (e =1 spacelike, € = —1 timelike)
Q c=0: u(s):—es2/2, v(s) = —logs, x(s)=1/s,s>0.
Lorentzian grim-reapers

The curves are the graph of u= —¢ e 2V/2, veR.
They satisfy the translating-type soliton equation x = g((1,1), N).

/

N
N
.



Curves with k(v) = ae’, a#0 — a=1

o [C(v) = —evic, c € R. (e =1 spacelike, € = —1 timelike)

Q@ c#0: u( %( Cecs), v(s) = log za=, s>0.
k(s) = ecf_l, s> 0.

N\

AN\
N\

SN
AN\

Spacelike curves (blue) and timelike curves (red) with
K(v) = -5 c#0.




© Motivation and Introduction

© Curves with curvature depending on pseudodistance to a timelike
geodesic

geodesic

© Curves with curvature depending on pseudodistance to a lightlike

@ Curves whose curvature depends on Lorentzian pseudodistance from
the origin
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Curvature depending on pseudodistance from the origin

We study ¢ = (x,y) with k = x(p), where p is the Lorentzian
pseudodistance from the origin:

pi=/le(r 1l = /|- x2+y2 >0

We use what we can call pseudopolar coordinates (p, V), p>0velR
being the orthochrone angle.
Since g(7,7) = —x? + y? = £p?, we distinguish:

+ _ | x=psinhv, y =p coshv, if —x24y2>0,y>0
T= x = —psinhv, y = —p coshv, if —x?>+y2>0,y<0
- _ x = p coshv, y = p sinhv, if —X2+y2§0,y20
T= x = —p coshv, y = —p sinhv, if—x2+y2§0,y§0

In fact, it will be enough obviously to consider the first and third cases,
since the map (x,y) — (—x, —y) is an isometry of IL2.



Curvature depending on pseudodistance from the origin

Theorem

Prescribe k = x(p) such that px(p) is continuous.

Then the problem of determining locally a spacelike or timelike curve
& (s) = (Fpe () sinh v (s), £pf () cosh v (s)),

with geometric angular momentum /C(p) (and curvature «(p) satisfying

dKC = px(p)dp is solvable by (e = 1 spacelike, € = —1 timelike)

o /pK(p)dp = K(p).

— pdp 2 2
s=s(p / NOET where IC(p)* £ ep* >0 --»

p=pc(s) >0 -=»x(s)

Q vi(s) = /lcp(epe(()»ds where p£(s) > 0.

» Such a curve is uniquely determined by C(p) up to a v-orthochrone
Lorentz transformation (and a translation of the arc parameter s).

e C(p) will distinguish geometrically the curves inside a same family by
their relative position with respect to the origin.




Curves with k = 2kg > 0

Constant curvature: pseudocircles
K(p) = kop®> + ¢, c €R. s= [pdp//(kop? + c)2 £ p2.

o K(p) = kop.
pt(s) = Shlos) k() = kos.

o= (s) = cosl'}((kos) v (s) = kos. Pseudocircles of radius 1/2kg.

0

7 N
7 N
7 N
7 N

Spacelike (blue) and timelike (red) pseudocircle with KC(p) = p?/2
(k=1)in L2,




Norwich spiral: x(p) = %

* K(p)=p+c c#0.
pt(t) =% (s.nh(ft) - 1) nd
4 _ sinh(‘[t azrcsmhl)
v (t) - t+|0 (Cosh(\fﬂrarcsmhl) ! t > farCSIth
p~(t)=5(1—1t2), and v~ (t) = t + 2arctanh t, |t| < 1.

Lorentzian Norwich spiral.



Curves with x(p) =2A+pu/p, A,y #0 = A =1

o« Klo) =p?+pp,  (p=sinhy, 1 €R)
p (s) =sinhs —sinh7, v,/ (s) = s+ tanhylog <Sinh(s2’7)> , s> 1.

1 cosh(57)

Q u==1
py (s) = coshs —1 and vy (s) = s — coth(s/2), s # 0 (left)
p_4(s) =coshs+1and v_;(s) = s —tanh(s/2), s € R (right)




Curves with x(p) =2A+pu/p, A,y #0 = A =1

o« Klo) =p?+pp,  (p=sinhy, 1 €R)
p (s) =sinhs —sinh7, v,/ (s) = s+ tanhylog (Sinh(sz‘ﬂ)> , s> 1.

1 cosh(*57)

Q |u| <1. i =cosa, with 0 < a < 71.
0 (s) = coshs — cosa,
vy (s) = s+ 2cota arctan (cot(a/2)tanh(s/2)), s € R.

s\\\ ////; N ,{/‘ /;,
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Curves with x(p) =2A+pu/p, A,y #0 = A =1

e K(p) =p>+pp,  (p=sinhy, 7 €R)

. . inh(*51
p (s) =sinhs —sinh7, v,/ (s) = s+ tanhylog (ilor;h((%)» , s> 1.

Qu>1 y =coshd, & > 0.
ps (s) = coshs —cosh,
5
vy (s) = s +cothd log <Sm:gi)) |s| > 6.
2
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Curves with x(p) =2A+pu/p, A,y #0 = A =1

e K(p) =p>+pp,  (p=sinhy, 7 €R)

. . inh(*51
p (s) =sinhs —sinh7, v,/ (s) = s+ tanhylog (ilor;h((%)» , s> 1.

Q <L = —cosht, T >0.
07 (s) = cosh s + cosh T,

vy (s) = s+ coth T log (COSEEE;) s €R
2
SN N A
N / NN .
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Sinusoidal spirals: k(p) = Ap"" 1, A >0, n€ R\ {-1,0}.

ApT = (n+1)sinh(nvy), n#0, n# —1,

(o) = 2 pntl
* Klo) = 7510 {/\p" = (n+1)cosh(nv_), n#0, n# —1,



Sinusoidal spirals: k(p) = Ap"" 1, A >0, n€ R\ {-1,0}.

A7 = (n+1)sinh(nvy), n#0, n# —1,
,,C(m_nilp,,ﬂ{m( Jsinh (nvy.), n # 0, n #

Ap" = (n+1)cosh(nv_), n#0, n# —1,

@ n = 2: the Lorentzian Bernoulli pseudolemniscate

p3 =sinh2v,, p2 = cosh2v_ with K(p) = p>.

@ n = 1/2: the Lorentzian pseudocardioid
VP, =sinh(vy/2), \/p_ = cosh(v_/2) with K(p) = p3/2.

N N
N BN
\\\ N
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N A
N . 3
. . A
\\ A
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N , A
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Sinusoidal spirals with n = 2 (left) and n = 1/2 (right).



Sinusoidal spirals: k(p) = Ap"" 1, A >0, n€ R\ {-1,0}.

A7 = (n+1)sinh(nvy), n#0, n# —1,
,,C(m_nilp,,ﬂ{m( Jsinh (nvy.), n # 0, n #

Ap" = (n+1)cosh(nv_), n#0, n# —1,

© n = 1: the pseudocircles p = sinhvy, p_ = coshv_ with

K(p) = p*.
@ n = —2: the Lorentzian equilateral pseudohyperbolas

p% = —1/sinh2vy, p2 =1/ cosh2v_ with K(p) = 1/p.
@ n = —1/2: the Lorentzian pseudoparabolas

VP, = —1/sinh(v4/2), \/p_ =1/ cosh(v—/2) with K(p) = ,/p.
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Sinusoidal spirals: n =1 (left), n = —2 (center), n = —1/2 (right).




Sinusoidal spirals: k(p) = Ap"" 1, A >0, n€ R\ {-1,0}.

Apt = (n+1)sinh (nvy), n#0, n# —1,

. — A _n+l
K(p) n+1P N {/\pn = (n+1)cosh(nv_), n#0, n# —1,

@ Some general examples of KC(p) = ~21p

O

N
N\

n+1

N\
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Sinusoidal spirals: n > 5/2
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left) and n < —3/2 (right), n € Q.



Thanks for your attention!
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